Excitation of high orbital angular momentum Rydberg states with
  Laguerre-Gauss beams by Rodrigues, J. D. et al.
Excitation of high orbital angular momentum Rydberg states with Laguerre-Gauss
beams
J. D. Rodrigues,1 L. G. Marcassa,2 and J. T. Mendonc¸a1
1Instituto de Plasmas e Fusa˜o Nuclear, Instituto Superior Te´cnico,
Universidade de Lisboa, 1049-001 Lisbon, Portugal
2Instituto de F´ısica de Sa˜o Carlos, Universidade de Sa˜o Paulo,
Caixa Postal 369, 13560-970, Sa˜o Carlos, Sa˜o Paulo, Brasil
We consider the excitation of Rydberg states through photons carrying an intrinsic orbital angular mo-
mentum degree of freedom. Laguerre-Gauss modes, with a helical wave-front structure, correspond to such
a set of laser beams, which carry `0 units of orbital angular momentum in their propagation direction, with
`0 the winding number. We demonstrate that, in a proper geometry setting, this orbital angular momentum
can be transferred to the internal degrees of freedom of the atoms, thus violating the standard dipolar se-
lection rules. Higher orbital angular momentum states become accessible through a single photon excitation
process. We investigate how the spacial structure of the Laguerre-Gauss beam affects the radial coupling
strength, assuming the simplest case of hydrogen-like wavefunctions. Finally we discuss a generalization of
the angular momentum coupling, in order to include the effects of the fine and hyperfine splitting, in the
context of the Wigner-Eckart theorem.
PACS numbers: 32.80.Ee, 34.50.Fa
I. INTRODUCTION
Rydberg atoms [1–5] are amongst the most exciting
and promising research topics nowadays. Much of this
interest arises from the particularities of these systems,
such as strong dipole-dipole interactions and long life-
times. The dipole blockade [6–9] is an example of the
implications of strong interactions and, applications to
quantum information [3] were proposed based on possi-
bility of performing quantum gate operations based on
this effect [10–12]. These unique features become even
more evident when we consider the propagation of light
in Rydberg gases. Particularly, photon-photon interac-
tions can be tailored in the blockade regime, under the
conditions of electromagnetically induced transparency
[13], leading, for instance, to the formation of Coulomb-
like bound states of photons [14].
Until now and in most experiments, the Rydberg
atoms were excited using dipole allowed transitions, ei-
ther from the ground state or from an intermediate ex-
cited state. Only recently, electric dipole-forbidden tran-
sitions to Rydberg nD states were observed in Rubidium
atoms [15]. Molecular resonances involving two Rydberg
atoms, also called microdimers, were observed and asso-
ciated with quadrupole-quadrupole interactions [16, 17].
A dipole-quadrupole molecular resonance was observed
recently by Deiglmayr and co-workers in Caesium [18].
All these experiments have something in common, they
require a high intensity laser beam to observe such tran-
sitions since their rates are very small. It would be in-
teresting to increase such rate in order to manipulate
the properties of Rydberg atom interactions. In a recent
work, Schmiegelow and co-workers have used Laguerre-
Gauss laser beams to study a quadrupole transition in a
Calcium ion [19]. In principle such a technique could be
applied to cold Rydberg atoms as well.
In this work we investigate the excitation of Rydberg
states using orbital angular momentum (OAM) carrying
photons, namely Laguerre-Gauss (LG) laser beams. As
Allen and co-workers discovered in 1992, LG light fields
carry a discrete amount of orbital angular momentum
per photon [20, 21]. LG photons have been employed
to encode quantum information in a higher dimensional
Hilbert space [22]. Moreover, quantum bits (qubits) en-
coded in the OAM degrees of freedom of photons can lead
to the violation of the no-cloning theorem [23]. Quan-
tum cryptography [24] and quantum memories [25] are
also been considered for OAM based qubits. Various
methods have been used to produce the helical wavefront
structure particular of the LG beams. These techniques
include spiral phase plates [26], cylindrical lenses [21],
forked holograms generated by computer-controlled spa-
tial light modulators [27] or digital micro-mirror devices
[28]. Good reviews of the angular momentum properties
of light, as well as their practical and theoretical appli-
cations are given in Ref. [29, 30].
Concerning the interaction of LG beams with mat-
ter,the optical OAM was shown, for instance, to induce
rotations and, consequently, the nucleation of vortice lat-
tices in Bose-Einstein condensates [31], or entangle the
photonic and atomic OAM degrees of freedom, also in
cold atoms [32]. In a plasma, for instance, this inter-
action was shown to promote the excitation of twisted
electron plasma waves [33], or to enable wakefield accel-
eration of positrons and electrons [34]. Recently, it was
proposed that, in the case of photo-ionization of neutral
atoms, the angular momentum of the photon could be
transferred to the electron external degrees of freedom
[35, 36].
In Sec. (II), we begin by revisiting the standard dipo-
lar selection rules for plane wave excitation. We then
introduce the Laguerre-Gauss modes as an appropriate
set of solutions of the Helmholtz equation in the parax-
ial approximation. We show, in a particular geometri-
cal setting, that a relaxation of the standard selection
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2rules occurs, thus increasing the number of accessible
states through a single photon excitation process. The
transition matrix element is decomposed into an angular
and radial coupling and we show in Sec. (III) how the
later is corrected by the spacial profile of the LG laser
beam. Explicit numerical calculations are presented for
an hydrogen-like atom, which captures the essential in-
gredients of the OAM. In Section (IV), we discuss the
nature of the angular momentum coupling between the
LG photon and the atom in a hyperfine structure basis.
Finally, in Sec. (V) and (VI), we discuss the results and
possible applications and state some conclusions.
II. DIPOLAR SELECTION RULES
Photon excitation processes usually rely on the inter-
action of the atomic dipole moment, µ = −er, where r
is the distance of the electron to the positively charged
nucleus, and the electric field of a laser beam, E =
E0S (r) eiωt. In this expression  is the unit polarization
vector of the laser field and S (r) the spacial and phase
structure of the beam, as determined by the Helmholtz
equation (∇2 + k2)S (r) = 0, (1)
with wavenumber k.
A. Plane wave excitation
For a plane wave we simply have S (r) = e−ikr. In
the usual dipole approximation, e−ikr ' 1, we simply
have E ' E0eiωt, where the size of the ground state of
the atom is much smaller than the photon wavelength,
r0  λ, so that the atom only senses a temporal evolution
of the field. In first order perturbation theory, this time-
dependent interaction, with Hamiltonian Hint = µ · E,
couples the eigenstates of the free Hamiltonian, and the
relevant quantity is the dipole matrix element defined as
µ = −e 〈ψi|  · r |ψf 〉 = −e 〈nm`|  · r |n′`′m′〉 , (2)
where the initial and final quantum states are specified
by the usual quantum numbers n, ` and m. This is rea-
sonable for hydrogen-like atoms. Later, a more accu-
rate description of the atomic state will ge given. It be-
comes advantageous to represent the laser polarization on
a spherical basis as  = −1e−1+0e0++1e+1 with e∓ =
1/
√
2 (ex ∓ iey) and e0 = ez. Note that (e−1, e0, e+1)
are associated with left-circularly, linear and right-
circularly polarized light. In this basis, the dipole op-
erator can be written as µq = −er
√
4pi/3Y q1 (θ, φ) with
Y q1 (θ, φ) the spherical harmonic function with ` = 1 and
m = q, corresponding to the various photon polariza-
tion states such that q = (−1, 0,+1) is associated with
(σ−, pi, σ+) transitions. The transition matrix element in
-
+
FIG. 1. (color online) Geometry of the excitation scheme.
The atom in the ground state is placed approximately in the
vortex of the Laguerre-Gauss beam, in order to take advan-
tage of the ei`0φ phase factor. We make use of a hybrid cylin-
drical, (ρ, φ′, z), and spherical, (r, θ, φ) coordinate system. In
a coincident reference frame, the two systems are related by
ρ = r sin θ, φ′ = φ and z = r cos θ the direction of propagation
of the laser beam.
Eq. (2) can then be written as
µq = 〈nm`| − er
√
4pi
3 Y
q
1 |n′m′`′〉
=
√
4pi
3 〈`m|Y q1 |`′m′〉 〈n`| − er |n′`′〉 .
(3)
The angular coupling, in the first term of this expression,
is given in terms of a Clebsch-Gordan coefficients as
〈`m|YML |`′m′〉 =
√
(2`+ 1) (2L+ 1)
4pi (2`′ + 1)
C`,L,`
′
m,M,m′C
`,L,`′
0,0,0′ ,
(4)
which determines the strength of the angular momentum
coupling, in this case (`,m) + (1, q)→ (`′,m′). From the
properties of the Clebsch-Gordan coefficients for angular
momentum addition we can easily realize that for such
a process as the one in Eq. (2) and (3), the angular
coupling results in ∆m = ±1, 0 and ∆l = ±1, the usual
dipolar selection rules, with ∆m = m′ − m and ∆` =
`′ − `.
B. Laguerre Gauss Excitation
Let us now consider the case where the atomic ex-
citation is achieved using a Laguerre-Gauss beam in a
geometrical setting as the one described in Fig. (1).
Such modes appear as solutions of the Helmholtz equa-
tion [1] in the paraxial approximation. To capture the
essence of this approximation let us write the structure
3function as S(r) = s(r⊥, z)e−ikz. Under the condi-
tion of strong paraxial propagation, namely |∂2s/∂z2| 
|k∂s/∂z|, which corresponds to a slowly-varying ampli-
tude function s(r⊥, z) along propagation direction z, the
Helmholtz equation reduces to(
∇2⊥ + 2ik
∂
∂z
)
s (r⊥) = 0. (5)
In this case, the structure function S (r), in the dipole ap-
proximation and for a given (p0, `0) mode, is determined
by [37, 38]
Sp0`0 (r) = Cp0`0ζ
|`0|L|`0|p0
(
ζ2
)
e−ζ
2/2ei`0φ (6)
with the integers p0 and `0 being the radial and azimuthal
mode numbers, respectively, ζ ≡ √2ρ/w0 and w0 the
beam waist. The normalization constants Cp0`0 are given
by Cp0`0 =
√
2p0!
pi(|`0|+p0)! , and the usual Laguerre polyno-
mials
L`0p0 (x) =
ex
p0!x`0
dp0
dxp0
[
x`0+p0e−x
]
. (7)
Note that we are ignoring the Gouy phase factor, and
the variation of the beam waist and the beam curvature
radius along the z direction, which is reasonable in the
dipole approximation. Moreover, these corrections are
not important to the effects we are trying to capture
here. The winding number, `0, defines the amount of
OAM carried by each photon, in this case ~`0. Typically,
the spread of ground state wave-function is much smaller
than the beam waist and, we can approximate the dipole
matrix element as
µ = −e 〈ψi|  · r
√
2
pi|`0|!
(√
2r sin θ
w0
)|`0|
ei`0φ |ψf 〉 (8)
with r sin θ = ρ. In the same way as before,  ·
r = r
√
4pi/3Y q1 . The angular momentum properties
of the LG beam are encoded in the term sin θ|`0|ei`0φ
which can be written in terms of spherical harmonics as
sin θ|`0|ei`0φ =
(
2
√
2pi
3
)|`0| [
Y
sgn(`0)
1
]|`0|
with sgn(x) the
sign function. Let us now rewrite the matrix element in
Eq. (8) as
µ = −e
√
8
3|`0|! 〈`m|Y
q
1
[
2
√
2pi
3 Y
sgn(`0)
1
]|`0|
|`′m′〉×
〈n`| r
(√
2r
w0
)|`0| |n′`′〉 ,
(9)
where we separated the matrix element into an angular
and radial coupling. We shall now explore the nature of
the object Y q1
[
Y
sgn(`0)
1
]|`0|
. Let us begin with the OAM
term
[
Y
sgn(`0)
1
]|`0|
, which corresponds to the |`0| power of
the simple spherical harmonic Y
sgn(`0)
1 . Using the known
result for the multiplication of spherical harmonics (see
Appendix A) we obtain[
2
√
2pi
3
Y
sgn(`0)
1
]|`0|
= 2|`0||`0|!
√
4pi
(2|`0|+ 1)!Y
`0
|`0| (10)
which, apart from a normalization factor, simply corre-
sponds to an angular momentum state with ` =|`0| and
m = `0, as expected. Let us now focus on the joint effect
of the photon polarization and orbital angular momen-
tum by investigating the full operator Y q1 Y
`0
|`0|. Ignoring
for now the normalization constants, for the sake of sim-
plicity, and proceeding in the same way as before (see
Appendix A) we can write
Y q1 Y
`0
|`0| =
∑
`∗
m (q, `0, `
∗)Y q+`0`∗ , (11)
with
m (q, `0, `
∗) =
√
3 (2|`0|+ 1)
4pi (2`∗ + 1)
C
1,|`0|,`∗
q,`0,q+`0
C
1,|`0|,`∗
0,0,0 (12)
where the sum is performed over max{||`0|−1|, |`0+q|} ≤
`∗ ≤ |`0| + 1, so that the Clebsch-Gordan coefficient in
Eq. (12) is non-vanishing. Putting together Eq. (9),
(10), (11) and (12) allows us to write
µ = −eD (`0)R (n, n′, `0, `, `′)×∑
`∗
m (q, `0, `
∗) 〈`m|Y q+`0`∗ |`′m′〉
(13)
with D (`0) = 2|`0|
√
32pi|`0|!
3(2|`0|+1)! and
R (n, n′, `0, `, `′) = 〈n`| r
(√
2r
w0
)|`0|
|n′`′〉 (14)
the radial coupling, modified by the geometry of the
Laguerre-Gauss beam. Combining Eq. (4) and (13) we
can finally write
µ = −eD (`0)R (n, n′, `0, `, `′)×∑
`∗
M`′` (q, `0, `∗)C`,`
∗,`′
m,q+`0,m′
(15)
with
M`′` (q, `0, `∗) = m (q, `0, `∗)
√
(2`+ 1) (2`∗ + 1)
4pi (2`′ + 1)
C`,`
∗,`′
0,0,0 .
(16)
It is the angular coupling given by the Clebsch-Gordan
coefficients in Eq. (15) that determines the selection rules
4of the excitation process described here. It directly fol-
lows from the conservation law for the sum of angular
momentum projections that, a non-zero coefficient im-
plies
∆m = m′ −m = `0 + q. (17)
Another important condition arising from the symmetry
properties of the Clebsch-Gordan coefficients is
|`− `∗| ≤ `′ ≤ `+ `∗. (18)
This relation is known as the triangular condition. Note
that a third imposition arises due to the parity properties
of the spherical harmonics. The wave-function of the
state |`,m〉 has parity P (Y m` ) = (−1)` and, the condition
of an overall (+1) parity in each of the matrix element
integrals implies that
∆`+ |`∗| is even. (19)
In all these expressions the term `∗ ranges between
max{||`0|−1|, |`0+q|} ≤ `∗ ≤ |`0|+1. Together, Eq. (17),
(18) and (19) define the dipolar selection rules for the
excitation process described here. If it often important,
given an initial atomic state with OAM quantum num-
ber `, to understand which are the open transitions in
the final `′ quantum number, independent of the atomic
initial and final magnetic quantum numbers, m and m′
respectively. In this sense we can define the quantity
Aq,m (`, `0, `′) =
∑
q,m
∣∣∣∣D (`0)∑
`∗
M`′` (q, `0, `∗)×
C`,`
∗,`′
m,q+`0,m+q+`0
∣∣∣∣2,
(20)
where we used the selection rule in Eq. (17) and elimi-
nated the dependence on initial and final magnetic quan-
tum numbers, as well as in the photon polarization state
q. In Fig. (2) we plot such a function, for the case of an
initial P orbital. In the case of 85Rb, for instance, the
Rydberg excitation process usually involves a two pho-
ton process. In the first step we excite the ground state,
5S1/2, to the excited 5P3/2 state, corresponding to the D2
line at approximately 780 nm. A second pulse can then
be used to the excitation of high-lying Rydberg states.
III. MODIFIED RADIAL COUPLING
In this section we will numerically investigate the ra-
dial coupling, R, as defined in Rq. (14) and, in particu-
lar, how it is modified by the transverse structure of the
Laguerre-Gauss modes. For this purpose we will make
use of the hydrogen atom wavefunctions, which is a good
approximation for the alkali metals. In this case, ana-
lytical solutions for the normalized radial wavefunctions
0 1 2 3 4 5
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FIG. 2. (color online) Relative angular coupling strengths
from the P (` = 1) orbital to different final atomic states,
given by Aq,m (` = 1, `0, `′), where we summed over the pho-
ton polarization states, q = −1, 0,+1 and the initial m =
−1, 0, 1 states. The different photon angular momentum
states are displayed is the plot. Note that the case `0 = 0
simply corresponds to the usual plane wave excitation. The
final states that are not shown here correspond to forbidden
dipole transitions.
exist, and are given by [39]
Rnl (r) = −
√(
2
na0
)3
(n− `− 1)!
2n [(n+ `)!]
3 e
−r∗/2r∗`L2`+1n+` (r
∗) ,
(21)
with a0 the Bohr radius and r
∗ = 2rna0 . Later we shall
discuss the validity of this approximation. In Fig. (3) we
compute the radial coupling for different sets of photon
and final atomic angular momentum states. The depen-
dence on the principal quantum number n is plotted and
the scaling is investigated by fitting the numerical results
to a function of the type f(n) = C`0,`fn
p. We obtain
p = −3.2, −3.3, −2.8 and −2.4, for `0 = 0, `0 = 1, `0 = 2
and `0 = 3, respectively. Note that, in the usual case of
a plane wave excitation, `0 = 0, the phenomenological
scaling evidenced in experimental measures corresponds
to p = −3 [40]. Clearly, for higher photon OAM, the
rescaled matrix element in Fig. (3) also increases signifi-
cantly, due to the higher powers of the electron position
operator, r|`0|+1. Nevertheless, to obtain the important
quantity relevant for experiments, we shall multiply the
rescaled matrix element by the ratio of the Bohr radius
to the beam waist,
√
2a0/w0.
The hydrogen wavefunctions used in the present dis-
cussion correspond to a first approximation when dealing
with alkali metals, where the valence electron is immersed
in a −e/r Coulomb potential as the closed electron shells
screen the nuclear charge. Nevertheless, for lower angular
momentum states, typically ` ≤ 3, the electron wavefunc-
tion penetrates these closed shells and becomes exposed
to the unscreened nuclear charge. This causes a devia-
tion from the pure Coulombic potential at shorter ranges,
which can be accounted for with the introduction of the
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FIG. 3. (color online). Example of different ra-
dial couplings, as given by R5P3/2(`0, n′, `′) =
|(w0/
√
2a0)
|`0| 〈5P3/2| r|`0|+1 |n′`′〉|2, from the initial
state |5P3/2〉, to different final states |n′`′〉 and rescaled to
the ratio of the beam waist to the Bohr radius, w0/(
√
2a0).
The different photon polarizations and final orbital angular
momentum states are displayed in the plot. Each set is fitted
to a scaling of the type C`0,`fn
p (black line).
quantum defect δn`j and an effective principal quantum
number as n∗ = n − δn`j [1]. For high orbital angular
momentum states, typically ` > 3, the potential is, to a
high level of accuracy, a pure Coulombic potential and
the quantum defects are zero. The simplified model used
here allow us to capture the essentials for the effects we
are trying to capture.
IV. GENERALIZED ANGULAR COUPLING
We have so far assumed the atomic state to be com-
pletely described by the angular momentum quantum
numbers ` and m (along with the principal quantum
number n). This allowed to tackle the problem in a sim-
plified manner, without considering the effects of spin-
orbit coupling, responsible for the fine-structure splitting
of the energy levels as J = L+S. This total electron an-
gular momentum J also couples with the nucleus angular
momentum I as F = J + I, resulting in the hyperfine
structure of the atomic levels. In this case, an atomic
state is completely described by a larger set of quantum
numbers as |n`(s)j(i)fmf 〉, where the spin and nuclear
angular momentum quantum numbers, s and i, respec-
tively, are constant and do not couple with the photon.
The question now arises of how to integrate these effects
on the analysis develop so far. The answer is given by
the Wigner-Eckart theorem, as it explores the symmetry
properties of the angular momentum degrees of freedom
and generalizes their coupling strengths. Given the result
in Eq. (13), we can now write
〈`(s)j(i)fmf |Y q1 Y `0|`0||`′(s)j′(i)f ′m′f 〉 =∑
`∗
m (q, `0, `
∗) 〈`(s)j(i)fmf |Y q+`0`∗ |`′(s)j′(i)f ′m′f 〉 ,
(22)
where the angular coupling now depends on a larger set
of quantum numbers. Note that the selection rules de-
rived earlier, and dictated by the symmetry properties
of the Clebsch-Gordan coefficients, can alternatively be
determined by the Wigner-3j symbols(
` L `′
m M −m′
)
= (−1)L−`−m′ 1√
2`′ + 1
C`,L,`
′
m,M,m′ ,
(23)
which reflect the same angular momentum conservation
properties. The objects Y q+`0`∗ constitute a set of spher-
ical tensor operators, satisfying the commutation rela-
tions
[Jz, T
q
k ] = qT
q
k and (24)
[J±, T
q
k ] =
√
k (k + 1)− q (q±)T q±1k . (25)
In this way, we can make use of the Wigner-Eckart the-
orem to write [41, 42]
〈`(s)j(i)fmf |Y q+`0`∗ |`′(s)j′(i)f ′m′f 〉 = (−1)m
′ ×(
f `∗ f ′
mf q + `0 −m′f
)
〈`(s)j(i)f‖Y`∗‖`′(s)j′(i)f ′〉 ,
(26)
where we have factorized the dependence on the mag-
netic quantum number mf inside the Wigner -3j symbol
and introduced the reduced matrix element, independent
of the photon polarization state q + `0. In the same way
as before, given the properties of the Wigner-3j symbols,
a non-vanishing coefficient implies
∆mf = m
′
f −mf = `0 + q, (27)
which is the natural generalization of the selection rule
in Eq. (17). We shall now notice that, since the photon
does not couple with the nuclear angular momentum, I,
we can factorize its dependence on the reduced matrix
element in Eq. (26) into a Wigner-6j symbol as [43]
〈`(s)j(i)f‖Y`∗‖`′(s)j′(i)f ′〉 = (−1)f
′+j+1+i×
√
2 (f ′ + 1) (2j + 1)
{
j j′ 1
f ′ f i
}
〈`(s)j‖Y`∗‖`′(s)j′〉 .
(28)
In the same way, given that the spin of the electron,
S does not change, we can further factorize the reduced
6matrix element as
〈`(s)j‖Y`∗‖`′(s)j′〉 = (−1)j
′+`+1+s×
√
2 (j′ + 1) (2`+ 1)
{
` `′ 1
j′ j s
}
〈`‖Y`∗‖`′〉 ,
(29)
where we have defined the reduced matrix element
〈`‖Y`∗‖`′〉 =
√
(2`+ 1) (2`∗ + 1) (2`′ + 1)
4pi
(
` `∗ `′
0 0 0
)
.
(30)
Note that, by setting I = 0 and S = 0 in Eq. (28) and
(29) we recover the previous results. Moreover, note that
the result in Eq. (30) allows us to recover the selection
rules for quantum number ` derived in Sec. (II), as it cor-
responds to the useful information when determining the
accessible quantum states. In fact, and as stated before,
since the electron spin and the nucleus angular momen-
tum do not couple to the photon, the results presented
in this section only introduce a correction on the angular
coupling strength of the allowed transitions.
V. DISCUSSION
We shall now discuss some of the implications and lim-
itations of the analysis develop so far. We have shown
that the OAM carried by a LG photon can be transferred
to the internal degrees of freedom of the atom, as sug-
gested by recent experimental results [19]. We considered
the case where the atomic ground state is centred within
the optical vortex. In fact, as long as the optical vor-
tex is contained within the spacial extent of the ground
state wavefunction, such a transfer of OAM should be
expected, broadening the range of accessible quantum
states as dictated by the new selection rules in Eq.(17),
(18) and (19). Note that, in the case of a plane wave ex-
citation, dipole-forbidden transitions can occur at much
lower rates. For instance, the dipole-forbidden 5S → nD,
with n = 27 ∼ 59, is observed via a quadrupole transi-
tion, although at a rate that is lower by a factor of ap-
proximately 2000, when compared to the dipole-allowed
transition 5S → nP , in Rubidium atoms [15]. On the
other hand, by using a LG beam with winding number
`0 = 1 and beam waist ω0 ∼ 1 µm, in the geometri-
cal setting described earlier, both the atomic transitions
5S → nD and 5P → nF became allowed and, moreover,
we can expect them to occur at a rate which is only 10 to
100 times lower than the transition rate for 5S → nP and
5P → nD with a usual plane wave excitation, assuming
the same electric field peak intensity E0. Note that the
main drawback here is the vanishing of the electric field
amplitude at the optical vortex and, as such, focusing
the excitation beam close to the diffraction limit shall
be important. This new ability to easily excite otherwise
inaccessible atomic states may shed new light on the com-
plexity of interacting Rydberg systems. For instance, in
the case of molecular resonances involving two Rydberg
atoms, a LG laser excitation may be used as a way to
entangle the electronic and rotational degrees of freedom
of the atomic pair, as suggested in [18].
VI. CONCLUSION
With this work we contribute to the further under-
standing of the interaction of orbital angular momen-
tum bearing laser beams with matter. We considered
the excitation of Rydberg states using LG laser beams
and demonstrated that, in the case an atomic ground
state centred at the optical vortex, orbital angular mo-
mentum can the transferred to the electron internal de-
grees of freedom, leading to a relaxation of the stan-
dard dipolar selection rules and allowing for the excita-
tion of higher orbital angular momentum atomic states,
at much higher rates than the ones expected for usual
dipole-forbidden transitions. The modification of the ra-
dial coupling strength, due to the spacial profile of the
Laguerre-Gauss beam, was investigated. We have also
clarified the nature and strength of the angular coupling
by discussing the effects of the fine and hyperfine split-
tings, based on the well known Wigner-Eckart approach.
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Appendix A:
We are interested in the object
[
Y
sgn(`0)
1
]|`0|
. We start
from the known result for the product of two spherical
harmonics, namely
Y m1`1 Y
m2
`2
=
∑
`
√
(2`1 + 1) (2`2 + 1)
4pi (2`+ 1)
×
C`1,`2,`m1,m2,m1+m2C
`1,`2,`
0,0,0 Y
m1+m2
` ,
(A1)
For the case `1 = `2 = m1 = m2 = 1 the only non-
vanishing term in the sum is ` = 2 and we simply have
Y 11 Y
1
1 =
√
(3)(3)
4pi(5)
C1,1,21,1,2C
1,1,2
0,0,0Y
2
2 (A2)
with C1,1,21,1,2 = 1 and C
1,1,2
0,0,0 =
√
2/3. Notice that, when
computing a n-th power of the spherical harmonic Y 11 ,
namely
[
Y 11
]n
, the terms Cn−1−i,1,n−in−1−i,1,n−i and C
n−1−i,1,n−i
0,0,0
appear in the product, with i = 0, ..., n−2. In this sense,
7we shall notice that
Cn−1−i,1,n−in−1−i,1,n−i = 1, and
Cl,1,l+10,0,0 =
√
`+1
2`+1 .
(A3)
All the above analysis remains valid for powers of the
spherical harmonics Y −11 . From Eq. (A1) and the prop-
erties in Eq. (A3) we can write
[
Y
sgn(`0)
1
]|`0|
=
|`0|−1∏
i=1
√
3(i+ 1)
4pi(2i+ 3)
Y `0|`0| (A4)
We can now transform this particular multiplication into
an expression involving factorial terms, namely[
2
√
2pi
3
Y
sgn(`0)
1
]|`0|
= 2|`0||`0|!
√
4pi
(2|`0|+ 1)!Y
`0
|`0|.
(A5)
Appendix A:
Let us compute the joint effect of photon polarization
and orbital angular momentum, determined by the oper-
ator Y q1 Y
`0
|`0|. As before, we start with the expression for
the product of spherical harmonics in Eq. (A1). In this
case we are left with
Y q1 Y
`0
|`0| =
∑
`∗
√
3 (2|`0|+ 1)
4pi (2`∗ + 1)
C
1,|`0|,`∗
q,`0,q+`0
C
1,|`0|,`∗
0,0,0 Y
q+`0
`∗ ,
(A1)
with max{||`0|−1|, |`0 + q|} ≤ `∗ ≤ |`0|+ 1. For the sake
of simplicity we write
Y q1 Y
`0
|`0| =
∑
`∗
m (q, `0, `
∗)Y q+`0`∗ , (A2)
with
m (q, `0, `
∗) =
√
3 (2|`0|+ 1)
4pi (2`∗ + 1)
C
1,|`0|,`∗
q,`0,q+`0
C
1,|`0|,`∗
0,0,0 . (A3)
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